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a b s t r a c t

This paper studies an organizational knowledge sharing process which requires costly
‘‘teaching’’ and ‘‘learning’’ efforts on the part of the sender and receiver, respectively.
The process is a team problem in which the principal rewards successful sharing by opti-
mally rewarding performance. In this setting we compare two modes of knowledge trans-
fer with regard to efficiency. The first is sequential in which the sender precommits to
teaching and the receiver acts as a follower. The second is simultaneous where each agent
simultaneously exerts effort. A key result is that the sequential mode dominates when
teaching and learning are complements, but the simultaneous mode dominates if teaching
and learning are substitutes.

� 2011 Elsevier B.V. All rights reserved.

1. Introduction

Today we have a wide and expanding variety of choices
for modes of communication. Depending on the content of
the message, we can, for example, utilize face to face com-
munication, voice communication, E-mail, text, voice mail,
a web page presentation with possible downloads and
links, video chat, written chat, and hard copy written com-
munication, just to name a few. At a general level, each of
these modes can be roughly characterized as being sequen-
tial or simultaneous in nature. By sequential we mean that
the sender of the information acts as a Stackelberg leader
and constructs and precommits to a message intended
for a receiver at a later time. Examples include E-mail
and web based presentations. By simultaneous we mean
that the sender sends and the receiver receives the mes-
sage at the same time, as in a Nash type simultaneous
move game. Related examples include face to face commu-
nication and voice communication.

This paper focuses on the mode of knowledge transfer
by exploring some of the key differences between sequen-
tial and simultaneous communication in cases where
knowledge sharing requires costly effort on the part of

the sender and the receiver and where the idea or the pro-
cess being communicated is fairly complex and not neces-
sarily characterizable by a simple model which states that
the sender has knowledge of a scalar say h which is un-
known to the receiver and which can be communicated
without cost. It might be an idea and an implementation
method for a cash flow production process which requires
careful presentation by the sender (teacher) and serious
consideration and study by the receiver (student). The tea-
cher exerts effort to prepare presentation materials and the
student would have to exert effort to completely compre-
hend the material. Further, in each case, the teaching and
learning process could be implemented through a sequen-
tial process or through a simultaneous procedure. That is,
the teacher could utilize the sequential approach by pre-
senting the relevant materials for learning, for example,
on a web site which is accessible by the student at a time
of the student’s choosing. This mode involves a teacher
pre-committing to a level of teaching effort and a student
observing or inferring that effort from the presentation be-
fore exerting learning effort. Alternatively, the teacher
could adopt the simultaneous approach and conduct a face
to face session with the student where the materials would
be presented to and assimilated by the student (teaching
and learning efforts simultaneously exerted), and there is
no precommitment of teaching effort. In a model which
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highlights some of the key differences between these two
approaches to teaching and learning, we want to examine
the conditions under which the sequential or the simulta-
neous method would be more efficient. In either mode of
knowledge transfer, there is a team problem in that the
communication process is privately costly to both the tea-
cher and the student, but the sending and assimilation of
the information is a joint production process.1

One of the core tasks of any organization is to develop
efficient mechanisms for knowledge sharing and knowl-
edge transfer. There are many examples. In manufacturing,
the Toyota Production System specifies protocols for
knowledge transfer which make use of the simultaneous
mode of teaching and learning.2 A good example is Toyota’s
implementation of the kaizen process (continuous improve-
ment and change for the better) which usually involves a
small worker group attempting to improve their own work
environment and productivity with leadership being pro-
vided by a line supervisor. My academic department has
instituted a mentoring system for junior faculty which em-
ploys the simultaneous approach. A senior faculty member
meets directly with a junior faculty to convey information
on teaching methods and materials and the research pro-
cess. It is well known that software development firms make
extensive use of the sequential mode of knowledge transfer.
In consulting, Bain and Company has made use of the
sequential mode since the 1980s by creating a database of
summaries of consulting projects. Xerox’s ‘‘Eureka’’ system
is a sequential mode repair database for knowledge sharing
that saves the company millions a year in repair costs.3 In
each of the above examples, employees were incentivized
to participate in the knowledge sharing process through
monetary or in-kind compensation.

Our basic model focuses on such organizational knowl-
edge transfer. We characterize an organization consisting
of a principal and two agents. One agent may be informed
about a fairly complicated idea which is capable of gener-
ating additional cash flow for the firm, and the other agent
may not be informed. The principal develops an optimal
incentive scheme to encourage the informed agent to at-
tempt to educate the uninformed agent about the new
process. The attempt at this knowledge transfer requires
costly effort both on the part of the sender (teacher) and
the receiver (student or learner). We characterize this pro-
cess at the principal’s optimal contracts under the sequen-
tial and simultaneous modes of communication. Next we
compare the principal’s expected equilibrium profit under
the two alternative communication methods. We show
that if teaching and learning efforts are complements in
the communication process, then the sequential mode
dominates, but if these efforts are substitutes, the simulta-
neous mode dominates. These results hold true in a model
where the basic technology of knowledge sharing is the
same across modes and only the sequentiality or simulta-
neity of one process versus the other is isolated and
characterized.

Next, we extend these results by considering other key
differences between the two approaches. The asynchro-
nous nature of the sequential mode enables the receiver
to access information at a time and place of his/her choice.
This allows the receiver to attempt to assimilate informa-
tion when effort cost is low and, thus, efficiency is in-
creased. The simultaneous mode does not share this
advantage, but it does have the advantage of allowing the
teacher to locally adapt to the ability and the effort cost
of the student at hand. The sequential mode does not per-
mit such local adaptation. These two features are added to
the basic model and the relative efficiency of the two ap-
proaches is studied. A final section of the paper presents
two extensions.

The economics literature on communication has to
some extent ignored the agent-to-agent presentation and
assimilation of information as an explicit production pro-
cess. The paper by Dewatripont and Tirole (2005) is the
closest to this paper. They present a model of costly
communication in which both the sender and receiver of
information exert costly effort to send and assimilate,
respectively, a piece of knowledge. They model imperfect
congruence between the sender and receiver and formu-
late the problem as one involving moral hazard in teams.
Their paper then characterizes communication equilibria
which depend on the level of congruence between the sen-
der and receiver, the nature of decision making, and the
knowledge that the sender has about the receiver’s payoffs.
The key results employ simultaneous move games where
sending and receiving efforts are strategic complements.
In an extensions section, they briefly discuss the case of
strategic substitutes and how congruence affects total ef-
fort in equilibrium. Also, in this section they touch on the
effects of sequential communication. In contrast, our paper
assumes that there is complete congruence through a prin-
cipal’s optimal contract, it fixes the nature of decision mak-
ing and it assumes symmetric knowledge of payoffs. Our
focus is only on the mode of knowledge transfer in the con-
text of the team problem and its effects on the second best
equilibrium at the principal’s optimal contract. The survey
paper by Van Zandt (1999) nicely summarizes the large lit-
erature on information processing and dissemination with-
in firms. This literature looks at firm level processing as
opposed to communication between agents with incentive
issues. Dessein and Santos (2006) endogenize the firm’s
choice of how much to let agents make use of local infor-
mation (adaptiveness). That is, they endogenize the quality
of information in the firm. In our paper, the quality of the
communication process is decided by the communicating
individuals, given an incentive contract designed by the
principal. Finally, a related paper by Itoh (1991) studies
the incentives of agents to help other agents. The principal
selects an optimal compensation scheme which results in a
task structure whereby agents either specialize effort in
their own tasks or are motivated to help other agents. He
provides a sufficient condition for helping to be optimal.
Our communication structure is analogous to Itoh’s notion
of helping, but instead of focusing on the incentives of
agents to engage in helping or not, we concentrate on
how to help. That is, we are interested in studying the
mode of helping between agents.

1 See Marschak and Radner (1972).
2 See Dryer and Nobeoka (2000).
3 See Thurm (2006).

A.M. Marino / Information Economics and Policy 23 (2011) 252–269 253



Author's personal copy

Section 2 presents the basic model and the two alterna-
tive approaches to knowledge transfer. Section 3 compares
the two modes of communication with respect to the prin-
cipal’s expected profit. Section 4 introduces features other
than sequentiality and simultaneity distinguishing the two
modes and conducts a comparison. Section 5 discusses two
extensions. The first considers the case where the firm
markets its knowledge to an external market by using
the sequential approach, and the second endogenizes
local adaptation in the simultaneous approach. Section 6
concludes.

2. The basic model

2.1. The two division firm and costly knowledge sharing

An organization has two divisions each of which has a
division manager. The divisions and their managers are
identical. The principal contracts with both managers. A
manager controls a cash flow process which is subject to
randomness. With probability p (independent across man-
agers), a manager i is endowed with knowledge of a cash
production function given by

yi ¼ f ðxiÞ � xi; i ¼ 1;2: ð1Þ

The variable xi is a scale variable chosen by the manager
and the function f is assumed to be strictly concave and
satisfy

f 0 > 0; f 00 < 0; f 0ð0Þ ¼ 1; f 0ð1Þ ¼ 0; and f ð0Þ ¼ 0:

The manager’s choice of xi, denoted x⁄, is given by the solu-
tion to

max
fxig

f ðxiÞ � xi;

or f0(x⁄) �1 = 0. Define y as y = f(x⁄) � x⁄. It is assumed that a
manager with such information can costlessly implement
x⁄ and y.4 With probability (1 � p) a manager receives no
information and can produce nothing. Let I denote the situa-
tion that either manager is informed of 1 and let U denote the
situation that a manager is uninformed. There are then four
information states say (i, j) for the two managers, where i rep-
resents manager 1’s state of informativeness and j represents
manager 2’s state of informativeness. The two states (I, I) and
(U,U) are those in which either both managers are endowed
with the information to produce a positive cash flow or both
managers are uninformed, respectively. These occur with
probabilities p2 and (1 � p)2, respectively, and require no
communication.5 In the other two states, (I,U) and (U, I),
one manager is informed and the other is uninformed, and
these occur with probability (1 � p)p. In these two states,
it can be profitable to use costly communication to transmit
information from an informed manager to an uninformed
one. Managers observe the state of informativeness of the

other manager, but the principal does not observe this
information.

The process whereby one manager communicates the
cash flow production process to the other is described by
the function pðTi; LjÞ; p : Ds ! ½0;1�; Ds � R2

þ, which mea-
sures the probability that agent i will perfectly teach or
communicate the knowledge that he received as described
by (1) to the other agent. The variable Ti denotes the teach-
ing effort of the informed agent and Lj denotes the learning
effort of the uninformed agent. Let subscripts denote par-
tial derivatives. We assume throughout that p satisfies
the following assumptions.

A.0 p is twice continuously differentiable in both vari-
ables with pTi

; pLj
> 0, and p has a negative definite

Hessian at each point in its domain. Further, pTiLj
is

globally positive or globally negative. In addition,
we make use of the more specific quadratic func-
tional form.

A.1 pðTi; LjÞ � Ti þ Lj � T2
i � L2

j þ sTiLj, where s 2 {�1,+1}.
Given s 2 {�1, +1}, Ds = {(Ti,Lj)jp 2 [0,1) and
pTi
; pLj

> 0g.

The quadratic function p is strictly concave and increas-
ing in Ti and Lj in its domain Ds with an interaction term
TiLj. If the interaction term is positive, Ti and Lj are comple-
ments and they are substitutes if it is negative. That is,
teaching and learning are either global complements or
global substitutes. More teaching effort might increase
the marginal productivity of learning effort through the
teacher clarifying and framing issues in a more compelling
manner so as to make extra learning effort more produc-
tive (@2p(Ti,Lj)/oLj@Ti > 0). Alternatively, more teaching ef-
fort could crowd out learning effort because receivers of
information can learn more on the margin through a more
learning effort intensive mix. The student must do rela-
tively more for herself or himself in terms of effort in order
to increase the marginal benefit of learning (@2p(Ti,Lj)/
@Lj@Ti < 0). A key feature of this model which makes it dif-
ferent from most rivalrous games is that increased teach-
ing or learning effort by one player each increase the
payoff to the player exerting effort and to the other player.
However, while teaching and learning each increase total
payoff, they can be strategic complements or substitutes
when one examines the effect of an increase in one of these
variables on the marginal payoff of the other.6 On the cost
side, we assume that each unit of teaching or learning effort
exerted by a manager carries with it a one dollar effort cost.

The sequence of decisions begins at stage 0 where the
principal hires and contracts with the agents. All agents
are risk neutral and the principal cannot observe or con-
tract on teaching or learning efforts nor can the principal
contract on the act of teaching or learning. The principal
contracts with the agents based only on observed returns.
Suppose that the optimal contract necessitates that the
principal pays a positive contingent payment only if both
divisions produce the returns y. At an intermediate stage

4 The key point is that knowledge produces payoff y > 0. This example is
presented to emphasize that the knowledge being transferred represents a
complex process.

5 An informed manager of either type is informed with the same basic
knowledge as given by (1), so that there is no need to share knowledge if
the state is (I, I).

6 See Bulow et al. (1985) for a discussion of strategic complements and
substitutes in rivalrous market games.
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1, agents receive or do not receive information regarding
the process (1). Given the principal’s payment scheme,
agents in the states (I,U) and (U, I) are motivated to exert
effort in teaching and learning. At stage 2 after all possible
teaching and learning take place, uninformed managers do
nothing, informed managers implement scales x⁄ and gen-
erate returns y, and payments by the principal are made.
We assume that if an informed manager exerts effort to
communicate information to the other manager and fails,
then that manager will not be paid but will costlessly gen-
erate y, as he is indifferent between this action and doing
nothing. Under this assumption, it is clear that it is optimal
for the principal to make a payment to an agent only if
both agents generate positive returns.

We will consider two modes of knowledge sharing with
respect to the technology p. The first is a simultaneous
move technology in which the teaching and learning
agents come face to face and simultaneously exert their ef-
forts to determine a Nash equilibrium in efforts. We think
of this as an interactive technology and it is meant to de-
scribe situations where an informed manager explains
the production process (1) in a one-on-one manner to
the uninformed manager.

The second technology is sequential in nature in that the
informed agent acts first as a Stackelberg leader and exerts
teaching effort. The uninformed agent observes teaching ef-
fort and then follows its reaction function in exerting learn-
ing effort. This mode of knowledge sharing is meant to
capture situations where the manager with information at-
tempts to explain or communicate that information to the
other division managers by preparing a memo or E-mail,
drawing up a page in a manual, or posting an explanation
of the information on a board or on the web. An uninformed
manager can then attempt to learn that information by read-
ing and understanding it from the posting place. A crucial
assumption is that the potential learner can observe or infer
teaching effort and this seems reasonable for the key exam-
ples that the model is designed to illustrate. For example, in a
web based presentation or even in a hard-copy programed
learning guide used in distance learning, the learner can dis-
cern or infer the effort put in by the designer when they exe-
cute the lesson plan.

We will formulate these modes using the same technol-
ogy p, in an effort to study the pure effects of simultaneous
as opposed to sequential knowledge transfer. Later we will
introduce some appropriate asymmetries in the technolo-
gies of communication which can appear when comparing
sequential versus simultaneous modes.

2.2. A simultaneous move or interactive technology

The principal pays a division manager a salary S and a
contingent compensation c if both divisions achieve re-
turns y. Agents follow Nash strategies. The utility or net ex-
pected compensation of the manager i is written as Wi and
given by

Wi ¼ Sþ cfp2 þ pð1� pÞ½pðTi; LjÞ þ pðTj; LiÞ�g
� pð1� pÞðTi þ LiÞ:

An informed agent i will choose his or her teaching effort
as the solution to

c½@pðTi; LjÞ=@Ti� � 1 ¼ 0; ð2Þ

and an uninformed agent j who is being informed will
choose learning effort as the solution to

c½@pðTi; LjÞ=@Lj� � 1 ¼ 0: ð3Þ

Thus, given c and the other agent’s choice of effort, each
agent sets the marginal benefit of teaching or learning
equal to its marginal cost which is a dollar. For conve-
nience in what follows, we take the manager’s reservation
utility to be zero, so that the relevant participation con-
straint is

Wi P 0: ð4Þ

Finally, we assume that the manager has limited wealth so
that the limited liability constraints

c P 0; S P 0 ð5Þ

hold.
The principal will want to design an incentive contract

subject to the incentive compatibility, (2) and (3), partici-
pation, (4), and limited liability constraints, (5), so as to
maximize the objective function

2p2ðy� cÞ þ 2ð1� pÞppðT1; L2Þðy� cÞ
þ 2ð1� pÞppðT2; L1Þðy� cÞ þ ð1� pÞp½1� pðT1; L2Þ�y
þ ð1� pÞp½1� pðT2; L1Þ�y� 2S:

Note that if an agent is informed and fails to communicate
successfully, he alone generates y and the principal does
not pay c. This state occurs with probability 1 � p(Ti,Lj),
conditional on one agent being informed and the other
agent not being informed. The principal’s objective func-
tion simplifies to

2ð1� pÞpyþ 2p2ðy� cÞ þ ð1� pÞppðT1; L2Þðy� 2cÞ
þ ð1� pÞppðT2; L1Þðy� 2cÞ � 2S: ð6Þ

We assume that the participation constraints are non-
binding and that the incentive compatibility constraints
are binding at an interior solution. We will introduce
sufficiency conditions later which guarantee that such
an interior solution exists. The appendix formulates
the principal’s problem and shows that under these
assumptions, the optimal non-contingent payment, S, is
zero.

Define the Tn
i ðcÞ and Ln

j ðcÞ as the solutions to the incen-
tive compatibility constraints, (2) and (3). Next, define the

function pnðcÞ ¼ p Tn
i ðcÞ; L

n
j ðcÞ

� �
corresponding to the two

identical teaching and learning agents. This reduced form
function can be used to further characterize the principal’s
optimal selection of c. With the participation constraints
nonbinding, the principal’s problem is characterized by

max
fcg

XnðcÞ; where XnðcÞ ¼ 2ð1� pÞpyþ 2p2ðy� cÞ

þ 2ð1� pÞppnðcÞðy� 2cÞ: ð7Þ

In the case of our quadratic formulation (1), the incentive
compatibility constraints generate
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Tn
i ðcÞ; Ln

j ðcÞ ¼
ðc � 1Þ
cð2� sÞ ; and pnðcÞ ¼ 1

c2

ðc2 � 1Þ
ð2� sÞ ;

s 2 f�1;1g:

We have (all proofs are provided in the appendix.)

Lemma 1. Let A.1 hold and y > 4�p
2ð1�pÞ, then the reduced form

problem (7) has a unique interior solution. At such a solution
the principal’s optimal payment satisfies 1 < c < y/2 and there
is positive expected profit.

If the optimal reward for communication satisfies c < y/
2, then the incentive compatibility constraints for Ti and Lj

imply that

y @pTn
i ðcÞ; L

n
j ðcÞ=@Ti

h i
� 1 > 0

and y @pTn
i ðcÞ; L

n
j ðcÞ=@Lj

h i
� 1 > 0: ð8Þ

At a first best benchmark, the left sides of Eq. (8) are zero,
so that we have shown that, at the second best contract,
teaching and learning efforts are under supplied.

The results for the simultaneous mode of communica-
tion are summarized in Proposition 1.

Proposition 1. Let A.1 be satisfied and let the assumptions of
Lemma 1 hold. The second best contract under a simultaneous
communication scheme pays a positive wage to a division
manager only if all managers generate the highest return. At
the optimal compensation scheme, both teaching and learning
efforts are under supplied by the manager. Further, increases
in p generate a smaller optimal c and greater expected profit
for the principal.

The only state of the world in which the principal must
encourage the informed and uninformed agents to exert ef-
fort is the state in which one agent is informed (the poten-
tial teacher) and the other is not informed (the potential
student). In this state, the principal optimally spends a total
of 2c to get both agents to exert effort, and the principal re-
ceives y on the margin in return for this expenditure. In this
state, there is a team problem, because it takes two agents
exerting effort to make possible a single extra y. Given that
the limited liability constraints are binding, it is not profit-
able for the principal to raise c to the point where c = y and
the first best efforts are obtained. From (6), the part of the
principal’s objective function impacted by variations in c
is 2p2(y � c) + 2(1 � p) ppn(c)(y � 2c) and at c = y this is
given by �2ppn(y) y(1 � p) < 0.

Finally, at the second best, a greater exogenous probabil-
ity that an agent will be informed will raise expected profit
to the principal and, at the same time, lower the optimal pay-
ment to incentivize communication. That is, organizations
employing more creative and educated individuals (assum-
ing that these types are more prone to originating new ideas)
can incentivize simultaneous communication at a lower cost
than those not employing these types. New ideas are opti-
mally spread at a lower cost if the organization has more tal-
ent. What drives this compensation result is that the
principal pays c in state (I, I), occurring with probability p2,
and states (I,U), (U, I), occurring with probability (1 � p)p.
In the former state more c does not generate extra cash flow
but in the latter states it does. If p increases, p2 strictly in-

creases and this induces the principal to reduce c, while
p(1 � p) increases for p < 0.5 and decreases otherwise. The
principal’s c reductions in state (I, I) swamps any incentive
to raise c for incentive reasons in states (I,U), (U, I).

2.3. A sequential move or posting technology

In this section, we augment the above model by chang-
ing the mode of information sharing. A manager with
information can attempt to explain or communicate that
information to other division managers by preparing a
memo, drawing up a page in a manual, or posting an expla-
nation of the information on a board or on the web. These
are all mechanisms of precommitment. An uninformed
manager can then attempt to learn that information by
reading and understanding it from the posting place. This
teaching and learning requires costly effort on both the
posting and retrieving sides of the transfer. The new
dimension in this version of the problem is that a poster
of information is a Stackelberg leader and a retriever of
information is a follower. The display of the posted infor-
mation by the teacher allows the learner–follower to infer
teaching effort. Thus, each agent is a leader when posting
and a follower when learning. So that the two processes
are directly comparable, let us characterize the posting
and learning technology using the same function p(Ti,Lj).

An uninformed agent j chooses learning effort as a fol-
lower when learning information that has been posted by
agent i.

max
fLjg

cpðTi; LjÞ � Lj:

The solution to this problem entails

c@pðTi; LjÞ=@Lj � 1 ¼ 0: ð9Þ

which in turn generates the reaction function Lj(Ti,c) with

@LjðTi; cÞ=@Ti ¼
@2pðTi; LjÞ=@Lj@Ti

�½@2pðTi; LjÞ=@2Lj�
and @LjðTi; cÞ=@c

¼ @pðTi; LjÞ=@Lj

�½@2pðTi; LjÞ=@2Lj�
> 0:

The informed agent solves

max
fTig

cpðTi; LjðTi; cÞÞ � Ti;

and the solution entails

c½@pðTi; LjðTi; cÞÞ=@Ti

þ ð@LjðTi; cÞ=@TiÞð@pðTi; LjðTi; cÞÞ=@LjÞ� � 1 ¼ 0: ð10Þ

If we assume that the participation constraints are non-
binding, that the incentive compatibility constraints are
binding, and that there is an interior solution (we will give
sufficiency conditions later), then we show in the appendix
that S = 0. As in the simultaneous case, we can write the
principal’s problem in reduced form and study existence
and uniqueness of the solution. The solution to (10) gives
us Ts

i ðcÞ which can be substituted into (9) to yield
LjðTiðcÞ; cÞ ¼ Ls

j ðcÞ. Next define the reduced form function

256 A.M. Marino / Information Economics and Policy 23 (2011) 252–269
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psðcÞ ¼ p Ts
i ðcÞ; L

s
j ðcÞ

� �
: ð11Þ

With the participation constraints nonbinding, the princi-
pal’s reduced form problem is characterized by

max
fcg

XsðcÞ; where XsðcÞ ¼ 2ð1� pÞpyþ 2p2ðy� cÞ

þ 2ð1� pÞppsðcÞðy� 2cÞ: ð12Þ

The objective function (12) is identical in structure to that of
(7) except for the sequential probability function ps(c)
replacing the simultaneous function pn(c). For our quadratic
case,

Ts
i ðcÞ ¼

1
3c
ð2ðc � 1Þ þ csÞ; Ls

j ðcÞ

¼ 1
6c
ð4c � 2sþ 2cs� 3Þ; and psðcÞ

¼ 1
12c2 ð4c2sþ 8c2 þ 1� 8Þ:

Results similar to those of Lemma 1 hold true in the pres-
ent context. We have

Lemma 2. Let A.1 hold and y > 19�13p
7ð1�pÞ , then the reduced form

problem (12) has a unique interior solution. At such a solution
the principal’s optimal payment satisfies 1 < c < y/2. and there
is positive expected profit.

We can use the bounds provided by Lemma 2 to deter-
mine whether, at the optimal reward for communication,
teaching and learning efforts are under or over supplied.
For learning effort, the incentive compatibility condition
(9) and the fact that c < y/2 imply that

y@p Ts
i ðcÞ; L

s
j ðcÞ

� �
=@Lj > 1; ð13Þ

so that learning effort is under supplied at optimum. In the
case of substitutes, it is clear from the incentive compati-
bility condition (10) that

y@p Ts
i ðcÞ; L

s
j ðcÞ

� �
=@Ti > 1; ð14Þ

by c < y/2 and (@Lj(Ti,c)/@Ti)( op(Ti,Lj(Ti,c))/@Lj) < 0. In the
case of complements, the latter term is positive and to
see that, in fact, (14) holds note that

y@p Ts
i ðcÞ;L

s
j ðcÞ

� �
=@Ti¼ y 1�2

1
3c
ð3c�2Þ

� �
þ 1

6c
ð6c�5Þ

� �

¼ 1
2c

y>1:

ð15Þ

In the complements case there is under supply of teaching
and learning efforts at the sequential scheme given the
principal’s optimal compensation. We can summarize the
sequential move case in

Proposition 2. Let A.1 be satisfied and let the assumptions of
Lemma 2 hold. The second best contract under the sequential
communication scheme pays a positive wage to a division
manager only if all managers generate the highest return. At
the optimal compensation scheme, both teaching and learning
efforts are under supplied by the manager. Further, increases
in p generate a smaller optimal c and greater expected profit
for the principal.

At the sequential mode equilibrium there is optimal un-
der supply of both teaching and learning efforts. For the case
where teaching and learning are substitutes, this result is
intuitive because the learning agent follows a Nash strategy
given teaching effort and the principal pays less than y in
equilibrium. The teacher internalizes the marginal benefit
of his own teaching effort but this is countered by the nega-
tive marginal term accounting for the decrease in learning
effort that the increase in teaching effort is expected to
generate. From (10), the sum of these terms is equal to 1
and this makes the basic private marginal benefit
c@p Ts

i ðcÞ;
�

Ls
j ðcÞÞ=@Ti even greater than 1. Given c < y, the

teacher under supplies effort. The case of complements is
less transparent because the marginal private benefit of

the teacher’s own effort, c@p Ts
i ðcÞ; L

s
j ðcÞ

� �
=@Ti, is added to a

positive marginal term accounting for the increase in learn-
ing effort that the increase in teaching effort causes. From

(15), the firm’s basic marginal benefit y@p Ts
i ðcÞ; L

s
j ðcÞ

� �
=@Ti

is, however, greater than one when c is optimally chosen
such that y/2 > c. Finally, the result that a greater probability
of informativeness increases the principal’s profit and
decreases the optimal payment holds again as in the simul-
taneous case. Again, more talent in the set of managers (a
greater p) makes it less costly for the principal to optimally
incentivize knowledge transfer. The intuition for this result
is the same as in the simultaneous case.

3. A comparison of the simultaneous and sequential
move technologies

In this section we compare the principal’s welfare at an
optimal contract under the two alternative modes of
knowledge transfer. Given that the basic teaching-assimi-
lation technology, p(�), is the same across modes, this anal-
ysis then isolates the pure effects of sequential versus
simultaneous communication. It turns out that the princi-
pal fares better under the sequential mode if teaching and
learning efforts are complements and the simultaneous
mode is better if they are substitutes.

We have Proposition 3.

Proposition 3. Let A.1 and the assumptions of Lemmas 1 and
2 hold. Suppose that teaching and learning efforts are
complements (substitutes). In a second best equilibrium, the
principal’s expected profit is greater (less) under sequential
communication than under simultaneous communication.
Further, the principal’s optimal compensation under the
simultaneous mode of communication, cn, is greater (less)
than the principal’s optimal compensation under the sequen-
tial mode of communication, cs.

The intuition behind the case of complements is
compelling and follows from an application of strategic
complements in Nash versus Stackelberg equilibria. The
teacher–leader knows that another unit of teaching effort
will induce more learning effort which in turn raises the
marginal product of teaching. In the Nash equilibrium,
the teacher does not internalize this extra boost in effort
by the learner, because he assumes that the student will
retain a given level of learning effort. Thus, when we
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compare Stackelberg and Nash teaching efforts, Stackel-
berg results in more teaching effort. Because the learner–
follower’s reaction function is strictly increasing, greater
teaching effort at the Stackelberg equilibrium results in
greater learning effort as compared to Nash. The principal’s
equilibrium expected profit is increasing in the equilibrium
probability p and by generating more of both types of ef-
fort, the sequential mode delivers greater expected profit
for the principal. Further because of the above effort boost-
ing process triggered by the sequential mechanism and
complementarity, the principal can implement communi-
cation under the sequential approach at a lower incentive
payment.

When teaching and learning are substitutes in the
knowledge transfer process, the opposite result obtains
and the simultaneous communication mode generates
greater profit for the principal. In this case, the learner
has a downward sloping reaction function. Another unit
of teaching effort by the teacher–leader then induces less
learning effort and the teacher internalizes this effect,
resulting in less teaching effort. A teacher using the simul-
taneous mode does not internalize this negative effect and
teaching effort under this mode is greater. Under our
assumption A.1, the direct effects of diminishing returns
dominate the cross effects of diminishing marginal produc-

tivity (i.e., if pii
pi

��� ��� > pij

pj

��� ���; i – j, in the region where the incen-

tive compatibility constraints are binding). This implies
that p(�) follows the movement of teaching effort and the
sequential approach with lower teaching effort results in
a lower p(�). The greater p(�) under the simultaneous ap-
proach then makes it less costly to elicit communication.

Propositions 3 holds true in more general settings than
the quadratic case considered here. We have Proposition 4.

Proposition 4. Let A.0 hold and let p(Ti, Lj(Ti, c)) be strictly

concave in Ti;
@2pðTi ;LjðTi ;cÞÞ

@T2
i

< 0. Further assume that pii
pi

��� ��� >
pij

pj

��� ���; i – j. In a second best equilibrium, if teaching and

learning efforts are complements (substitutes), the principal’s
expected profit is greater under the sequential (simultaneous)
mode of communication.

The key condition of Proposition 4 says that the direct
effect of diminishing returns on own marginal productiv-
ity is greater in absolute value than the cross effect on
the other marginal productivity, when an effort level is
increased. For example, in the case where Ti and Lj are
complements, an increase in Ti causes a percentage
reduction in the marginal product of Ti which is greater
in absolute value than the percentage increase in the
marginal product of Lj caused by the increase in Ti. The
symmetric effect is true with respect to changes in Lj. In-
deed these conditions hold for our quadratic case in the
feasible region.

Assume that all other factors are equal, when we com-
pare the two methods. The above results indicate that in
situations where teaching and learning are complements,
we should see that the sequential method is used to com-
municate and where they are substitutes, the simulta-
neous method is used.

4. Non-symmetric comparisons of the simultaneous and
sequential move technologies

So far we have assumed that all modes of communica-
tion have the same technology and effort costs, because
we wanted to focus on the pure effects of the sequential
versus simultaneous mechanisms. Depending on the
actual situation there can be some key differences in the
costs and benefits of teaching and learning efforts. We
want to highlight a few that we believe are of first order
importance.

One of the advantages of the sequential approach is that
teaching and learning can occur asynchronously so as to
permit the learner to access and assimilate the information
at a time and location such that his effort cost is relatively
low. We access our E-mail at the most opportune times,
and we study web presentations when we would be most
receptive to and productive at this learning activity. If po-
tential students have high and low learning effort costs,
depending on the state of the world, then we would expect
students to access information when their effort cost is
low. To model this type of self selection, which is possible
under the sequential approach but not under the simulta-
neous approach, we assume that potential students can
differ with respect to their effort cost which we denote
as bi, i = 1, 2, with b2 > b1. Let us normalize the low learning
effort cost to that of teaching effort and set it as b1 = 1. The
probability of effort cost b1 is denoted b.

On the other hand, a sequential presentation has a dis-
advantage relative to the simultaneous approach in that it
is typically designed for some generic student and a gener-
ic teaching situation.7 The teaching message is standardized
and it uses none of the local information that would be used
in face to face communication. The simultaneous approach
does not have this problem, because the teacher’s presenta-
tion can be customized to fit the local environment and stu-
dent at hand. The actual mechanism might be that, when
student and teacher meet, there is a possible vector of infor-
mation that, if known, could be shared. Such information
would clarify the communication process. Some of the ele-
ments of the vector the student knows and others he does
not know and likewise for the teacher. The student can com-
municate to the teacher if it is not necessary for the teacher
to dwell on known components of the vector, and the stu-
dent can request that the teacher emphasize the unknown
components of the information vector. The ability of the tea-
cher to adapt to the needs of the student when communica-
tion is simultaneous makes this technology more efficient.8

A reduced form model which captures this difference can

7 A solution to this problem might be for the teacher to post a menu of
presentations for all possible teaching and learning environments. How-
ever, it could be very costly for the teacher to prepare all possible
presentations, or it could be costly for a learner to choose from a menu. We
ignore this approach. However, no matter how extensive is a menu of
presentations, it cannot replicate an ‘‘in class’’ presentation in terms of its

8 On the other hand it may be that, although the simultaneous move case
is more productive, it may involve more set up costs as both participants
must be present when communication takes place. The sequential move
technology can involve asynchronous participation. We assume that the
increased efficiency effects outweigh this effect.
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be formulated by placing a multiplicative local adaptation
parameter a > 1 on the simultaneous move probability func-
tion, p. The idea is that with probability ap > p the message
will be communicated and assimilated under a simulta-
neous approach, whereas the sequential process has the
probability function p. Relative to the sequential approach,
local adaptation makes the clarity of communication great-
er.9

Let us begin with the sequential approach. Let Ljk denote
the effort of a learning agent j with effort cost k and let Tik

be the corresponding teaching effort associated with this
student. In the sequential case, only the low effort cost is
experienced by learning agents so that learning effort is
the solution to

c@pðTi1; Lj1Þ=@Lj1 � 1 ¼ 0:

A teacher solves

c½@pðTi1; Lj1ðTi1; cÞÞ=@Ti1 þ ð@Lj1ðTi1; cÞ=@Ti1Þ
� ð@pðTi1; Lj1ðTi1; cÞÞ=@Lj1Þ� � 1 ¼ 0:

The solution to the principal’s problem is identical to that
in the basic model with (Ti1,Lj1) replacing (Ti,Lj). Thus, the
same reduced form functions Ts

i1ðcÞ ¼ Ts
i ðcÞ and Ls

j1ðcÞ ¼
Ls

j ðcÞ result.
In the simultaneous approach a teacher will face one of

two different learning effort costs when attempting to
communicate. A teacher solves

c½a@pðTik; LjkÞ=@Tik� � 1 ¼ 0; i – j ¼ 1;2; k ¼ 1;2; ð16Þ

and a learner solves

c½a@pðTik; LjkÞ=@Ljk� � bk ¼ 0; i – j ¼ 1;2; k

¼ 1;2; where b1

¼ 1; and b2 > 1: ð17Þ

Let Tn
ikðc; a; bkÞ; Ln

jkðc; a; bkÞ
� �

denote the solution to (16) and
(17). Routine comparative statics of the system (16) and
(17) yield the following results.

Lemma 3. Let A.0 hold and let pii
pi

��� ��� > pij

pj

��� ���; i – j, be satisfied.
Then we have

(i) If teaching and learning are complements, then
@Tn

i2=@b2; @Ln
j2=@b2; @p Tn

i2; L
n
j2

� �
=@b2 < 0, whereas if

they are substitutes @Ln
j2=@b2; @p Tn

i2; L
n
j2

� �
=@b2 < 0,

and @Tn
i2=@b2 > 0.

(ii) @Tn
ik=@a; @Ln

jk=@a; @p Tn
ik; L

n
jk

� �
=@a > 0.

The quadratic formulation (A.1) satisfies the conditions
of Lemma 3 in the region where the incentive compatibil-
ity constraints are met, so that the results hold for this
case.

If we assume that the participation constraints are non-
binding, that the incentive compatibility constraints are
binding, and that an interior solution exists (we will give
sufficiency conditions later), then we show in the appendix
that S = 0. Define the function

Epnðc;a; b2Þ ¼ bap Tn
i1ðc;a;1Þ; L

n
j1ðc;a;1Þ

� �
þ ð1� bÞap Tn

i2ðc;a; b2Þ; Ln
j2ðc;a;b2Þ

� �
which is a reduced form for the two identical teaching and
learning agents taken as an expectation across the two ef-
fort cost types. The reduced form version of the principal’s
problem is

max
fcg

XnðcÞ; where XnðcÞ ¼ 2ð1� pÞpyþ 2p2ðy� cÞ

þ 2ð1� pÞpEpnðc;a; b2Þðy� 2cÞ:
ð18Þ

Our quadratic formulation yields

Tn
i1ðc;a;1Þ; Ln

j1ðc;a;1Þ ¼
ca� 1

3ca
ð2þ sÞ;

Tn
i2ðc; a;b2Þ; Ln

j2ðc; a; b2Þ
� �
¼ cað2þ sÞ � 2� sb2

3ca
;
sðca� 1Þ � 2ðb2 � caÞ

3ca

� �
; and

Epnðc;a; b2Þ ¼
1

3c2a2 �bð1þ sÞ þ c2a2ð2þ sÞ � sb2ð1� bÞ
�

� b2
2ð1� bÞ � 1

�
:

We have

Lemma 4. Let A.1 hold and

y>max
8

3a2

1�p
2�p

� �
2bþb2ð1�bÞþb2

2ð1�bÞþ1
� �� �1=2

;

(

�
 

8
a2ð2þpÞðð1�pÞð1þb2ðb2�1Þð1þbÞÞ

!1=2)
;

then the reduced form problem (18) has a unique interior
solution. At such a solution the principal’s optimal payment
satisfies 0 < c < y/2 and there is positive expected profit.

If the optimal reward for communication satisfies c < y/
2, then the incentive compatibility constraints for Ti and Lj

imply that

y½a@pðTik; LjkÞ=@Ti1� � 1 > 0; i – j ¼ 1;2; k ¼ 1;2; ð19Þ
y½a@pðTik; LjkÞ=@Ljk� � bk > 0; i – j ¼ 1;2; k ¼ 1;2;

where b1 ¼ 1; and b2 > 1: ð20Þ

Thus, there is under supply of efforts at optimum under
our assumptions. We can extend the other results of Prop-
osition 1 to the present simultaneous case.

Proposition 5. Let A.1 be satisfied and let the assumptions of
Lemma 4 hold. The second best contract under the revised
simultaneous communication scheme pays a positive wage to a
division manager only if all managers generate the highest

9 A real world example of this effect is pointed out by Thurm (2006).
Executives at London’s water supplier attempted to increase efficiency by
giving inspectors hand held computers for sequential communication and
eliminating the dispatching station. Efficiency soon fell as the depot was a
facilitator for the face to face communication of knowledge. The need for
face to face (simultaneous) communication was so great that inspectors
began meeting after hours to share information at a local restaurant.
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return. At the optimal compensation scheme, both teaching and
learning efforts are under supplied by the manager. Fur-
ther, increases in p, b, and a generate a smaller optimal c and
greater expected profit for the principal, while increases in b2

generate a greater optimal c and less expected profit for the
principal.

From Proposition 3, the crucial condition determining
whether from an ex ante view the sequential or the simul-
taneous mode of communication should be used is the
following

p Ts
i1ðcÞ; L

s
j1ðcÞ

� �
Tbap Tn

i1ðc;a;1Þ; L
n
j1ðc;a;1Þ

� �
þ ð1� bÞap Tn

i2ðc;a;b2Þ; Ln
j2ðc;a;b2Þ

� �
;

ð21Þ

for all c < y/2 such that the incentive compatibility con-
straints hold and for i – j = 1, 2. The left side of (21)
shows the equilibrium probability of successful commu-
nication under the sequential approach, at a given c,
and the right side shows the expected probability of suc-
cessful communication under the simultaneous approach
at the same c. The latter expectation is taken over both
high and low effort cost learners, because under the
simultaneous approach the potential teacher does not
know whether he will face a learner with high or low
cost. With the sequential approach a potential teacher
knows ex ante that a prospective learner will be low
cost.

From the results of Lemma 4, the right side of inequal-
ity (21) is increasing in a, decreasing in b2, and increasing
in b. The simultaneous approach will dominate the
sequential approach in situations where teaching and
learning are substitutes, where the local adaptation
parameter is large, where the likelihood that the student
will have low effort cost is high or where the magnitude
of the high effort cost is relatively low. For example, if
teaching and learning are substitutes, a > 1, and b ? 1 or
b2 ? 1 (take b2 ? 1 and b 2 (0,1)), then the simultaneous
mode dominates

p Ts
i1ðcÞ; L

s
j1ðcÞ

� �
< bap Tn

i1ðc;1;1Þ; L
n
j1ðc;1;1Þ

� �
þ ð1� bÞap Tn

i2ðc;1;1Þ; L
n
j2ðc;1;1Þ

� �
:

Examples relating to this case exhibit a declining marginal
productivity of learning effort as teaching effort is in-
creased. This might be true if learning entails the receiver
working through applications on his or her own in order
to assimilate the material. Further, the teacher’s local
adaptation to the needs of the student would play a major
role in such applications oriented or ‘‘hands on’’ learning.
Finally, the student would have a fairly low opportunity
cost of learning effort in this case as would be the case with
a trainee.

The sequential approach dominates the simultaneous
approach in cases where teaching and learning are comple-
ments, where the local adaptation parameter is small and
where the likelihood of high effort cost or the magnitude
of high effort cost are great. For example, if teaching and

learning are complements, b2 > 1 and a = 1, then the
sequential mode dominates

p Ts
i1ðcÞ; L

s
j1ðcÞ

� �
> bp Tn

i1ðc;1;1Þ; L
n
j1ðc;1;1Þ

� �
þ ð1� bÞp Tn

i2ðc;1; b2Þ; Ln
j2ðc;1;b2Þ

� �
Examples of this case would exhibit high opportunity cost
of student effort and include ideas in which teacher effort
enhances student marginal productivity of learning effort.
Local adaptation of the teacher would not be important.
Instructions on how to use software or equipment might
fit this case in that a carefully crafted web presentation
which anticipates all questions that the learner might have
might be the best method of communication. In this case,
the learner could be a busy executive with an associated
high effort cost.

Our quadratic example allows additional compara-
tive static analysis of changes in teaching and learning
productivities. Let the basic technology be augmented as

ap ¼ aðtT þ ‘L� T2 � L2 þ sTLÞ;

where a = 1 if the mode is sequential and s 2 {�1,1}. The
parameters t, ‘ P 1 are productivity parameters for teach-
ing and learning. Each has the effect of increasing the
teaching or learning marginal and average productivities
at each T or L, respectively, all other things equal.

A change in teaching productivity yields

@XsðcÞ
@t

¼ 2pð2t þ s‘Þ y� 2c
3
ð1� pÞ and

@XnðcÞ
@t

¼ a
@XsðcÞ
@t

:

Changes in learning productivity generate

@XsðcÞ
@‘

¼ 2pð2‘þ stÞ y� 2c
3
ð1� pÞ and

@XnðcÞ
@‘

and ¼ a
@XsðcÞ
@‘

:

Conclusions for productivity changes. Taking t = ‘ = 1 and
s 2 {�1,1}, we have that increases in teaching or learning
productivity increase the principal’s expected profit at
any c. However, the simultaneous mode results in great-
er increases in profit than the sequential mode with an
increase in productivity, at a common c. This is driven
by the presence of the local adaptation parameter in
the simultaneous approach. Local adaptation enhances
both learning and teaching productivity, so that it would
lead naturally to a greater comparative static effect.
However, the optimal c is always less in the dominant
method with the parameters a, t, and ‘ close to 1. Thus,
for a, t, and ‘ close to 1, we can say that profit is defi-
nitely more sensitive to productivity changes under the
simultaneous approach if teaching and learning are sub-
stitutes. This is an interesting and clear prediction of our
model brought out by our inclusion of an endogenously
optimal contract. However, if teaching and learning are
complements, then there is a trade off because the pres-
ence of small a makes the simultaneous approach more
sensitive to changes in productivity, while the lower
incentive payment under the sequential approach makes
the sequential approach more sensitive to changes in
productivity.
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5. Two extensions: selling ideas to an external market
and endogenizing local adaptation

5.1. Selling ideas to an external market

Suppose now that the idea developed within the firm
can be marketed to an external set of students. The firm
takes on the role of the teacher and potential external
agents are the students. We assume that due to the prohib-
itive costs of establishing a physical classroom (or the tech-
nological superiority of the sequential mode), the firm
adopts the sequential mode for knowledge sharing. Think
of the number of potential students as the number of seats
in a virtual classroom. Assume that students can have two
different abilities and two different effort cost levels. This
implies that for each of the N seats in the classroom, there
are four different types of students that could occupy that
seat as identified by learning efforts and abilities, namely

fL11; L12; L21; L22g;

where Lij denotes effort of a student with ability i = 1, 2 and
effort cost j = 1, 2. Type 1 ability is high and type 2 is low,
with associated probabilities a1 and a2 respectively. Type
one effort cost is equal to b1 = 1, while type 2 is b2 > b1, with
associated probabilities b1 and b2, respectively. The number
of possible classroom configurations of student types (here-
after called the number of classroom types) is the number
of permutations of four types with repetition, N4. For exam-
ple, with two seats there are 24 = 16 different classrooms
each given by (Lij,Llk), i, j, k, l = 1, 2, where the classroom
(Lij,Llk) materializes with the ex ante probability aibjalbk.
In the example of N seats, one of the N4 classrooms is given
by ðLij; Llk; . . . LnrÞ 2 Rn and such classroom has ex ante prob-
ability aibjalbk � � � anbr (2 N terms) of materializing.

We assume that a student of ability i and effort cost j is
willing to pay Bij contingent on a knowledge transfer by the
firm. The firm is a perfectly discriminating monopolist with
respect to its knowledge or idea and charges Bij contingent
on information assimilation to a student. We assume that
there is an acquisition cost of G(N) associated with acquir-
ing and N students and determining willingness to pay Bij

for each type, where the following assumption holds.
A.2 G(0) = 0, limN?0G(N) P 0, G0, G00 > 0, for N 2 (0,1).
Note that A.2 allows for a variable set up cost and that it

assumes that acquisition cost is strictly convex on (0,1).
This assumption dictates that marginal acquisition cost is
rising, but that average acquisition cost may be falling.
The function p is assumed to take the general form pi(T,Lij)
for a student of ability i.

For the purpose of developing intuition, take the case of
a two seat classroom. Because high effort cost is avoided
under the sequential mode, the teacher will exert a public
good teaching effort Ts and face the following set of four
possible classrooms

fðL11; L11Þ; ðL21; L21Þ; ðL11; L21Þ; ðL21; L11Þg:

Each student will obey his reaction function Li1(Ts) which is
defined by the solution to

Bi1
@piðT

s; Li1Þ
@Li1

� 1 ¼ 0

With N fixed at 2, the teacher solves

max
fTsg

X2

i¼1

X2

j¼1

aiaj½Bi1piðT
s; Li1Þ þ Bj1pjðT

s; Lj1Þ � Ts� � Gð2Þ

ð22Þ

which can be rewritten as

max
fTsg

2½a1B11piðTs; L11Þ þ a2B21pjðTs; L21Þ� � Ts � Gð2Þ: ð23Þ

Problem (23) simply scales the one person classroom prob-
lem above by doubling the benefit due to the addition of
the second student, but the expression for teaching effort
enters the expression the same because it is a public input.

For the case of N students to be chosen by the firm, (22)
becomes

max
fTs ;Ng

X2

i¼1

X2

j¼1

� � �
X2

k¼1

aiaj � � � ak½Bi1piðTs; Li1Þ þ Bj1pjðTs; Lj1Þ

þ � � � þ Bk1pkðTs; Lk1Þ� � Ts � GðNÞ

which simplifies to

max
fTs ;Ng

N½a1B11p1ðTs; L11Þ þ a2B21p2ðTs; L21Þ� � Ts � GðNÞ:

ð24Þ

The firm’s optimal Ts is analogous to the one student case
with a scale factor of N for the marginal benefit:

N a1B11
@p1ðTs; L11Þ

@Ts þ @p1ðTs; L11Þ
@L11

@L1
11

@T

" #(

þa2B21
@p2ðT

s; L21Þ
@Ts þ @p2ðT

s; L21Þ
@L21

@L2
21

@Ts

" #)
� 1 ¼ 0: ð25Þ

The optimal class size from the firm’s view is described by

a1B11p1 Ts; L11ð Þ þ a2B21p2 Ts; L21ð Þ½ � � G0ðNÞ ¼ 0: ð26Þ

Conclusions for external market. Ex ante expected profit per
student is given by

P=N � a1B11a1p1ðT
s; L11Þ þ a2B21p2ðT

s; L21Þ � Ts=N � GðNÞ=N:

ð27Þ

As N grows, the gross expected revenue per student is a
constant and is the same as it is with a single student,
and fixed teaching effort cost is spread over a larger num-
ber of students. Expected profit per student rises in N, if
average acquisition cost falls. In the limit, we have that

lim
N!1

P=N ¼ a1B11p1ðTs; L11Þ þ a2B21p2ðTs; L21Þ � lim
N!1

GðNÞ=N:

Thus, this ‘‘distance’’ mode of teaching has the beneficial
scale effects popularly associated with it, if, first, the stu-
dent acquisition cost function possesses variable set up
costs so as to generate declining average acquisition cost
and if, second, the limit of average acquisition cost as class
size becomes arbitrarily large is less than gross expected
revenue per student.
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5.2. Endogenizing local adaptation

Let us retain the assumption that the sequential
approach allows low effort cost self selection, because
communication is asynchronous. The notion of local adap-
tation in the simultaneous method can be endogenized by
assuming that students have different abilities for learning.
The simultaneous method of knowledge sharing allows the
teacher to locally adapt teaching effort to the ability level
and the effort cost of the student at hand, whereas the
sequential method requires the teacher to deliver one
teaching effort to a student who could be of many possible
ability levels. We assume that the simultaneous mode tea-
cher observes both effort cost and ability during communi-
cation, whereas, while the sequential mode teacher knows
that effort cost will be low, perceived ability is based on
the distribution of abilities. Two questions of interest arise.
First, does the sequential approach, with its focus on the
average student, gain favor in situations where the average
ability of the potential learner is higher? Second, does the
simultaneous approach, with its ability to adapt to the stu-
dent at hand, gain favor in cases where the variance in abil-
ities is great?

Consider representative teaching and learning agents
and the quadratic technology, A.1. Low effort cost will, as
above, be given by 1 and high effort cost is b2 > 1, with
probabilities b and (1 � b), respectively. There are two
learning ability levels parameterized by the productivity
parameter for L. High ability (type one) is ‘ + D and low
ability is ‘ � D, each with probability 0.5. This formulation
allows for a separation of D as a parameter which repre-
sents the variance in abilities and the parameter ‘which
represents average ability.

For a pair consisting of a teaching agent and a learning
agent, the basic technology under the sequential approach
is

Eps ¼ :5 Ts þ ð‘þ DÞLs
11 � Ts2 � Ls2

11 þ sTsLs2
11

� �
þ :5 Ts þ ð‘� DÞLs

21 � Ts2 � Ls2
21 þ sTsLs2

21

� �
; ð28Þ

where Ts is common teaching effort and Ls
i1 is learning ef-

fort of an agent with ability of type i and low effort cost,
type 1. The technology for the simultaneous approach is

Epn ¼ :5 b Tn
11 þ ð‘þ DÞLn

11 � Tn2
11 � Ln2

11 þ sTn
11Ln2

11

� �h
þð1� bÞ Tn

12 þ ð‘þ DÞLn
12 � Tn2

12 � Ln2
12 þ sTn

12Ln2
12

� �i
þ :5 b Tn

21 þ ð‘� DÞLn
21 � Tn2

21 � Ln2
21 þ sTn

21Ln2
21

� �h
þð1� bÞ Tn

22 þ ð‘� DÞLn
22 � Tn2

22 � Ln2
22 þ sTn

22Ln2
22

� �i
;

ð29Þ

where Tn
ij denotes teaching effort of an agent with ability

level i and effort cost j and Ln
ij denotes learning effort of

an agent of ability i and effort cost j. The learning efforts
under both methods solve the Nash problems analogous
to those discussed above, and the teaching effort under
the sequential approach solves dEps/dTs = 0.

The effects of a change in D or ‘, variance or average
ability, respectively, on expected profit can be determined

by considering the effects on the expression Epi, i = s, n.
That is, sign (oXi/@k)=sign(oEpi/@k), for k = D, ‘ and i = s, n.

In the simultaneous approach, a change in the variance
in abilities generates, in equilibrium,

@Epn

@D
¼ 2D

3
> 0; ð30Þ

so that greater dispersion in abilities always leads to great-
er expected profit for the principal, if the simultaneous ap-
proach is utilized for communication. This result does not
depend on whether teaching and learning are comple-
ments or substitutes and it holds at any c, including the
optimal one. This is exactly what our intuition suggested
in that the simultaneous approach counters greater vari-
ance in abilities with adaptation. Expression (30) and all
of the other comparative statics of this subsection are de-
rived in the appendix.

Under the sequential approach, in equilibrium,

@Eps

@D
¼ �sðcs � 1Þ

3csðcs þ 1Þ þ 0:5D; ð31Þ

where cs is the principal’s optimum. The first term in (31)
represents the indirect effects of a change in D through
teaching effort and the second is the direct effect of the
greater level of learning effort of the high ability type over
the low type, given low effort cost. The sign of the first
term in (31) depends on the magnitude of cs in relation
to unity. While a closed form solution for cs is not possible,
if we assume that the firm’s cash flow arising from the
implementation of knowledge, y, is not too small and that
the probability that at least one agent will receive informa-
tion, p, is not too close to unity, then cs > 1.10 Adopt these
assumptions so that cs > 1. Generally, a rise in D produces
an increase in Ls

11 and a decrease in Ls
21, but the latter effect

is greater in absolute value than the former so that expected
(average) effort goes down. If teaching and learning are sub-
stitutes, s = �1, then the decrease in average effort produces
greater average teaching effort and the first term of (31) is
strictly positive, making the entire term positive. A larger
variance leads to the counter intuitive result that the princi-
pal’s expected profit is increased, although teaching effort is
not directly adaptable to each ability type. If teaching and
learning are complements, then less average learning effort
implies less average teaching effort and the first or indirect
term of (31) is negative. In this case the two terms of (31)
are opposite in sign and it is possible that greater variance
does decrease the principal’s expected profit, as intuition
suggests. Whether this is true depends on the parameters.
With complements (s = 1),

@Eps

@D
< 0 if

2ðcs � 1Þ
3csðcs þ 1Þ > D; ð32Þ

and this sign is necessarily negative for small variance as
measured by D. Thus, the intuitive result that greater var-
iance reduces the attractiveness of the sequential approach
is only definitely true when variance is small and the two
efforts are complements. The expression 2(cs � 1)/
(3cs(cs + 1)) is maximized at cs = 2.41 with a maximal value

10 A sufficient condition for cs > 1 is that y > 2:7916�1:6666p
ð1�pÞ .
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of 0.114, and it tends to zero as cs becomes infinite. Thus, if
the cash flow prize y is large, making cs large, or if
D > 0.114, then the intuitive result (32) is simply not true.
We have

Conclusions for variance changes. Generally, a greater
variance will increase expected profit under the simulta-
neous approach and it will do the same under the sequen-
tial, if teaching and learning are substitutes (with y
sufficiently large). For these cases a relative comparison
of the magnitudes of these effects is not possible, without
more specific information. In the special case where vari-
ance in abilities is small and teaching and learning are
complements, we obtain our intuitive result that greater
variance raises expected profit in the simultaneous mode
and lowers it in the sequential mode.

Next, consider changes in the average ability ‘. In what
follows, we normalize ‘ = 1 and take D 2 (0,0.5). The latter
restriction on D is required to guarantee that Ls

21 > 0 for
c > 1 and s = � 1, in the sequential mode of communication.
Variations in average ability produce the following changes
in the simultaneous approach

@Epn

@‘
¼ ½bþ ð1� bÞb� sþ 2

3cn

þ :5 b Ln
11 þ Ln

21

� �
þ ð1� bÞ Ln

12 þ Ln
22

� ��	 

> 0;

for s 2 f�1;1g: ð33Þ

The conclusion is that increases in average ability unam-
biguously raise the principal’s expected profit regardless
of the complement-substitute relationship between teach-
ing and learning.

The sequential mode produces the following effect

@Eps

@‘
¼ s

3
þ 0:5 Ls

11 þ Ls
21

� �
: ð34Þ

The second term of (34) is the direct effect of an increase in
average ability through learning efforts and this is always
positive. The first term is indirect effect of a change in aver-
age ability through Ts and this effect is positive for comple-
ments and negative for substitutes. The explanation is that
an increase in average ability increases both Ls

11 and Ls
21. If

teaching and learning are complements, then this increase
increases common teaching effort and conversely if they
are substitutes. In the complement case, increases in aver-
age ability always increase expected profit in equilibrium.
In the substitute case, there are opposing signs and (34)
can be further specialized to

@Eps

@‘
¼ �1

6csðcs þ 1Þ 3:0cs � 1:0csDþ cs2D� 2:0cs2 þ 1:0
� �

which carries the sign of

cs2ð2� DÞ � csð3þ DÞ � 1: ð35Þ

Given D 2 (0,0.5) and cs > 1, it is theoretically possible for
(35) to be negative as long as the optimal c is sufficiently
small. For example, cs2(2 � D) � cs(3 + D) �1 < 2cs2 �
3cs � 1 and the latter is negative and feasible if
cs 2 (0,1.78). This range of optimal c is possible if y is
adjusted downward such that y/2 < (1.78).11 It is then

possible for an increase in average ability to result in less ex-
pected profit for the principal if the firm’s reward for suc-
cessful communication, y, is relatively small, if teaching
and learning are substitutes, and if the sequential mode of
communication is being used. This is an interesting and
counter intuitive result.

Conclusions for average ability changes. Greater average
ability raises expected profit under both approaches and
a relative magnitude comparison of profit changes cannot
be made without more specific information. In the special
case where the firm’s reward, y, for successful communica-
tion is small and teaching and learning are substitutes, a
greater average ability actually decreases expected
profit in the sequential approach and increases it under
the simultaneous.

6. Conclusion

When knowledge transfer involves fairly complex ideas,
it can be characterized as a joint production process requir-
ing that both the sender and the receiver exert effort. Pro-
duction of both the communication and assimilation of an
idea then is a team process where each member incurs a
private cost but may not receive the full public benefit. If
communication is necessary to produce additional cash
flow within an organization, a principal can choose the
mode of knowledge transfer, sequential or simultaneous,
and incentivize such costly transfer by properly rewarding
cash flow. The optimal contract rewards cash flow only if
the sending and receiving agents successfully complete
the transfer and generate the additional cash flow that
the communicated idea can make possible. At the optimal
contract, there is under supply of both teaching and learn-
ing efforts in both the sequential and the simultaneous
modes, regardless of whether teaching and learning are
substitutes or complements. The optimal reward for suc-
cessful transfer varies inversely with the probability that
an agent will be endowed with a new idea for communica-
tion and the principal’s equilibrium expected profit varies
directly with this probability.

A key result is that in fairly general circumstances, the
sequential mode generates a greater expected profit for
the principal and it requires a lower optimal reward for
communication if teaching and learning efforts are
complements. On the other hand, if teaching and learning
are substitutes, the simultaneous mode produces greater
equilibrium profit and requires less payment for successful
knowledge transfer. This result points out a key difference
between the two modes in a situation where the
technologies are identical except for their sequentiality or
simultaneity. The endogeneity of the optimal reward for
knowledge transfer adds the result that the dominant
method of communication requires a lower incentive
payment than the alternative method.

There are differences between the two approaches to
knowledge transfer which are not described in the basic
model. The sequential mode has the advantage of allowing
receivers to access information when their effort costs are
low and the simultaneous mode allows the teacher to
locally adapt to the student’s ability and effort cost.11 This is true because at c = y/2, Xs0 (c) = �2p2�4(1 � p)pEps < 0.
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Modifying the basic model to account for these features, we
show that the simultaneous approach dominates the
sequential approach in situations where teaching and learn-
ing are substitutes, where the local adaptation parameter is
large, where the likelihood that the student will have low ef-
fort cost is high, or where the magnitude of the high effort
cost is relatively low. The sequential approach dominates
the simultaneous approach in cases where teaching and
learning are complements, where the local adaptation
parameter is small and where the likelihood of high effort
cost or the magnitude of high effort cost are great.

Our comparative statics show that increases in the pro-
ductivity of teaching or learning will raise expected profit
at a given payment for successful communication under
both approaches. We find that when teaching and learning
are substitutes, the simultaneous approach generates
greater profit gains than the sequential if teaching or learn-
ing productivities are increased at optimal contracts. If
teaching and learning are complements, there is a trade
off in that the sequential mode has a lower incentive pay-
ment but the simultaneous mode has local adaptation.
Here the comparative magnitudes of changes brought by
productivity increases are ambiguous.

We examined the external marketing of the knowledge
developed in the firm through the use of the sequential
mode. This extension illustrates that the sequential mode
of communication has beneficial scale effects if acquisition
costs per student decline as class increases, due to variable
set up costs, and if the limit of average acquisition cost as
class size becomes arbitrarily large is less than gross
expected revenue per student. Thus, the often touted scale
benefits of ‘‘distance learning’’ are present only under
some specific qualifying conditions.

We endogenize the local adaptation aspect of the simul-
taneous approach by assuming that potential students can
be of either high or low ability and that simultaneous com-
munication can adapt to either effort cost or ability level. In
this version of the model, we study the effects of increases
in the average ability and increases in the variance of abil-
ities on the principal’s expected profit. Under the sequen-
tial mode, a rise in the variance of abilities unexpectedly
raises expected profit, if teaching and learning are substi-
tutes (and y is sufficiently large), but it leads to an ambig-
uous effect if they are complements in that expected profit
can go up or down. It decreases expected profit with
complements in the special case where the variance is
small. Under the simultaneous mode, a greater dispersion
in abilities always leads to greater expected profit for the
principal. Only in the special case where the variance in
abilities is small and teaching and learning are comple-
ments do we get our conjectured result that greater
variance definitely favors the simultaneous approach over
the sequential. Increases in average ability increase ex-
pected profit if the simultaneous mode is used regardless
of whether teaching and learning are complements or
substitutes. In the sequential mode an increase in average
ability raises expected profit if teaching and learning are
complements. However if they are substitutes in the
sequential approach, a rise in average ability can actually
lead to less expected profit, if the prize for successful appli-
cation of a communicated idea is small. It is only in this

case that we can say that an increase in average ability def-
initely favors one approach versus the other and the fa-
vored approach is the simultaneous one.
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Appendix A

The principal’s problem for the simultaneous move case of
Section 2

The principal’s problem is (Lagrangian multipliers are
(li,ki,ci))

max
fS;c;Ti ;Ljg

L ¼ 2ð1� pÞpyþ 2p2ðy� cÞ þ ð1� pÞppðT1; L2Þðy� 2cÞ

þ ð1� pÞppðT2; L1Þðy� 2cÞ
� 2Sþ l1½c@pðT1; L2Þ=@T1 � 1� þ l2½c@pðT2; L1Þ=@L1 � 1�
þ l3½c@pðT2; L1Þ=@T2 � 1� þ l4½c@pðT1; L2Þ=@L2 � 1�

þ
X2

i¼1

kifSþ c½p2 þ pð1� pÞ½pðTi; LjÞ þ pðTj; LiÞ�� � Ti � Lig

þ ccc þ cSS:

Consider the first order conditions. Assume that the partic-
ipation constraints are non-binding, that the incentive
compatibility constraints are binding at an interior solu-
tion. The first order condition for S is given by

�2þ k1 þ k2 þ cS ¼ 0:

If the participation constraints are nonbinding, then ki = 0,
i = 1, 2, and cS > 0. Whence the limited liability constraint
for S is binding and S = 0.

The principal’s problem for the sequential move case of
Section 2

The principal’s problem is (Lagrangian multipliers are
(li,ki,ci))

max
fc;S;Tig

L ¼ 2ð1� pÞpyþ 2p2ðy� cÞ

þ ð1� pÞppðT1; L2ðT1; cÞÞðy� 2cÞ
þ ð1� pÞppðT2; L1ðT2; cÞÞðy� 2cÞ � 2S

þ l1fc½@pðT1; L2ðT1; cÞÞ=@T1

þ ð@L2ðT1; cÞ=@T1Þ@pðT1; L2ðT1; cÞÞ=@L2� � 1g
þ l2fc½@pðT2; L1ðT2; cÞÞ=@T2

þ ð@L1ðT2; cÞ=@T2Þ@pðT2; L1ðT2; cÞÞ=@L1� � 1g

þ
X2

i–j¼1

ki½Sþ cfp2 þ pð1� pÞ½pðTi; LjðTi; cÞÞ

þ pðTj; LiðTj; cÞÞ�g � Ti � LiðTj; cÞ� þ ccc þ cSS:

The (FOC) for S is given by

�2þ k1 þ k2 þ cS ¼ 0:

If we assume that the participation constraints are non-
binding and that there is an interior solution (we will give
sufficiency conditions later), then ki = 0, cs > 0 and S = 0.
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Proof of Lemma 1. For the existence of a c 2 (1,y/2) > 1
such that Xn0(c) = 0, it suffices that

lim
c!1

Xn0ð1Þ > 0 and lim
c!y=2

Xn0ðcÞ < 0:

First consider the case of complements. We have Xn0ðcÞ ¼
2 p

c3 ð2y� 2c � 2pyþ pc3 þ 2pc � 2c3Þ and Xn0 (1) =
2p(3p + 2y(1 � p) � 4) > 0 if y > 4�3p

2ð1�pÞ. Given p 2 (0,1),

the latter condition is implied by y > 4�p
2ð1�pÞ. We have

Xn0 y
2

� �
¼ 2

p
c3 yð1� pÞ þ 1

8
py3 � 1

4
y3

� �
< 0

if y >
8ð1� pÞ
ð2� pÞ

� �1=2

:

However, for p 2 ð0;1Þ; 4�p
2ð1�pÞ >

8ð1�pÞ
ð2�pÞ

� �1=2
, so that the re-

sult holds. For the case of substitutes,

Xn0ðcÞ ¼ �2
3

p
c3 ð2c � 2yþ pc3 � 2pc þ 2pyþ 2c3Þ and

Xn0ð1Þ ¼ 2
3
pðpþ 2y� 2py� 4Þ > 0 if y >

4� p
2ð1� pÞ ;

which is true. Next,

Xn0 y
2

� �
¼ �16

3
p
y3

1
8
py3 � yþ pyþ 1

4
y3

� �

< 0 if y >
8ð1� pÞ
pþ 2

� �1=2

<
4� p

2ð1� pÞ ;

and the result holds. Given that we have shown that there
exists a c 2 (1,y/2) such that Xn0(c) = 0, for a unique solu-
tion it suffices to show that Xn0(c) < 0. For complements,
Xn00ðcÞ ¼ 4 p

c4 ð2c � 3yÞð1� pÞ < 0, by p 2 (0,1) and c < y/2.
For substitutes, Xn00ðcÞ ¼ 4

3
p
c4 ð2c � 3yÞð1� pÞ < 0, by the

same assumptions. To show that optimal expected profit
is positive Xs(y/2)js2{�1,1} = py(2 � p) > 0. h

Proof of Proposition 1. The text presents all of the results
except for the comparative statics of p and c. It is more
efficient to proceed with general functional notation so
as to cover the cases of complements and substitutes
in one proof. The sign @c/@p = sign[�2p + (1 � 2p)pn

0(c)(y � 2c) � 2(1 � 2p)pn(c)]. Substituting from the first
order condition, the latter expression can be written as

sign½�2pþ ð1� 2pÞðp=ð1� pÞ þ 2pnðcÞÞ � 2ð1� 2pÞpnðcÞ�

¼ sign �2þ 1� 2p
1� p

� �
< 0:

Thus, @c/@p < 0. Next, consider oXn(c)/@p = 2(1 � 2p)y +
4p(y � c) + 2(1 � 2p)pn(c)(y � 2c). Clearly if p6 0.5, then

oXn(c)/@p > 0. If p> 0.5, then @XnðcÞ=@p >
<

0 as

0 >
<
� ðy� 2cpÞ þ pnðcÞðy� 2cÞð2p� 1Þ. The

lim
p!1
�ðy� 2cpÞ þ pnðcÞðy� 2cÞð2p� 1Þ

¼ �ðy� 2cÞ þ pnðcÞðy� 2cÞ < 0; and

lim
p!0:5

�ðy� 2cpÞ þ pnðcÞðy� 2cÞð2p� 1Þ ¼ �ðy� cÞ < 0:

Further,

@

@p
½�ðy� 2cpÞ þ pnðcÞðy� 2cÞð2p� 1Þ�

¼ 2c þ 2pnðcÞðy� 2cÞ > 0:

It follows that @Xn(c)/@p > 0. h

Proof of Lemma 2. For the existence of a c 2 (1,y/2) > 1
such that Xs0 (c) = 0, it suffices that limc?1X

s0 (1) > 0 and
limc?y/2X

s0 (c) < 0. First consider the case of complements.
We have

Xs0ðcÞ ¼ �1
3

p
c3 ð7c � 7y� 6pc3 � 7pc þ 7pyþ 12c3Þ

and

Xs0ð1Þ ¼ 1
3
pð13pþ 7y� 7py� 19Þ > 0

if y > 19�13p
7ð1�pÞ . We have

Xs0 y
2

� �
¼ �8

3
p
y3

7
2
py� 3

4
py3 � 7

2
yþ 3

2
y3

� �
< 0

if y >
7
2ð1�pÞ

3
2�

3
4pð Þ

� �1=2

. However, for p 2 ð0;1Þ; 19�13p
7ð1�pÞ >

ð
7
2ð1�pÞ

3
2�

3
4pð Þ Þ

1=2, so that the result holds. For the case of

substitutes,

Xs0ðcÞ ¼ �1
3

p
c3 ð7c � 7yþ 2pc3 � 7pc þ 7pyþ 4c3Þ

and

Xs0ð1Þ ¼ 1
3
pð5pþ 7y� 7py� 11Þ > 0

if y > 11�5p
7ð1�pÞ, which is true by 19�13p

7ð1�pÞ >
11�5p
7ð1�pÞ, for p 2 (0,1).

Next,

Xs0 y
2

� �
¼ �8

3
p
y3

1
4
py3 � 7

2
yþ 7

2
pyþ 1

2
y3

� �
< 0

if y > 7ð1�pÞ
ð1þ:5pÞ

� �1=2
< 19�13p

7ð1�pÞ , and the result holds. Given that

we have shown that there exists a c 2 (1,y/2) such that
Xn0 (c) = 0, for a unique solution, it suffices to show that
Xn0(c) < 0. For complements, Xs00ðcÞ ¼ 7

3
p
c4 ð2c � 3yÞð1� pÞ

< 0 which is true if c < 3
2 y, by p 2 (0,1). Given c < y/2, the

result holds. For substitutes, Xs00ðcÞ ¼ 7
3

p
c4 ð2c � 3yÞ1� pÞ

< 0, by the same assumptions. To show that optimal
expected profit is positive it suffices to show that
Xs(y/2)js2{�1,1} = py(2 � p) > 0. h

Proof of Proposition 2. The text provides all of the results
except for the comparative statics of p and c. It is more effi-
cient to proceed with general functional notation so as to
cover the cases of complements and substitutes in one
proof. The sign@c/@p = sign[ �2p + (1 � 2p)ps0(c)(y � 2c) �
2(1 � 2p)ps(c)]. Substituting from the first order condition,
the latter expression can be written as
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sign½�2pþ ð1� 2pÞðp=ð1� pÞ þ 2psðcÞÞ � 2ð1� 2pÞpsðcÞ�

¼ sign �2þ 1� 2p
1� p

� �
< 0:

Thus, @c/@p < 0. Next, consider oXs(c)/@p = 2(1 � 2p)y +
4p(y � c) + 2(1 � 2p)ps(c)(y⁄ � 2c). Clearly if p 6 0.5, then
@Xs(c)/@p > 0. If p > 0.5, then @XsðcÞ=@p >

<
0 as

0 >
<
� ðy� 2cpÞ þ psðcÞðy� 2cÞð2p� 1Þ. The

lim
p!1
�ðy� 2cpÞ þ psðcÞðy� 2cÞð2p� 1Þ

¼ �ðy� 2cÞ þ psðcÞðy� 2cÞ
< 0; and lim

p!:5
�ðy� 2cpÞ þ psðcÞðy� 2cÞð2p� 1Þ

¼ �ðy� cÞ < 0:

Further,

@

@p
½�ðy� 2cpÞ þ psðcÞðy� 2cÞð2p� 1Þ�

¼ 2c þ 2psðcÞðy� 2cÞ > 0:

It follows that oXs(c)/@p > 0. h

Proof of Proposition 3
For the case of complements

psðcÞ � pnðcÞ ¼ 5
12c2 > 0:

At either solution the principal’s objective function can be
written as

Xi ¼ 2p2ðy� cÞ þ 2pð1� pÞyþ 2pð1� pÞpiðcÞðy� 2cÞ;
i ¼ s;n:

Given that (y � 2c) > 0, we have

XsðcÞ ¼ 2p2ðy� cÞ þ 2pð1� pÞyþ 2pð1� pÞpsðcÞðy� 2cÞ
> 2p2ðy� cÞ þ 2pð1� pÞyþ 2pð1� pÞpnðcÞðy� 2cÞ
¼ XnðcÞ; for all c;

because ps(c) > pn(c), for all c < y/2. It follows that the
sequential move dominates.

To show that cn > cs, it suffices to show that

Xs0ðcÞ �Xn0ðcÞ ¼ �5
3

p
c3 ðy� cÞð1� pÞ < 0:

This is true by (y � c)(1 � p) > 0.
For the case of substitutes

pnðcÞ � psðcÞ ¼ 1
4c2 > 0

From the case of complements, we have that Xs(c) < Xn(c)
if ps(c) < pn(c), for all c < y/2.

To show that cs > cn, it suffices to show that

Xn0ðcÞ �Xs0ðcÞ ¼ � p
c3 ðy� cÞ1� pÞ < 0;

which is true by (y � c)(1 � p) > 0. h

Proof of Proposition 4. Consider the complements case
first. In the simultaneous move regime, a teaching agent’s
incentive compatibility (IC) condition says

c½@pðTi; LjÞ=@Ti� � 1 ¼ 0:

A teaching agent’s (IC) condition for the sequential move
case is

c½@pðTi;LjðTi;cÞÞ=@Tiþð@LjðTi;cÞ=@TiÞð@pðTi;LjðTi;cÞÞ=@LjÞ��1¼0:

Evaluate the latter (IC) at Tn
i , where we have that

c @p Tn
i ; L

n
j

� �
=@Ti

h i
� 1 ¼ 0,

1þ @Lj Tn
i ; c

� �
=@Ti

� ��
ð1Þ � 1 ¼ @Lj Tn

i ; c
� �

=@Ti > 0:

Let xT
i Tn

i ; c
� �

¼ cpðTi; LjðTi; cÞÞ � Ti. We have that
@xT

i Tn
i ; c

� �
=@Ti > 0, while @xT

i Ts
i ; c

� �
=@Ti ¼ 0, with

@2xT
i Tn

i ; c
� �

=@T2
i ¼ c @2pðTi ;LjðTi ;cÞÞ

@T2
i

< 0. Given that @xT
i Tn

i ; c
� �

=

@Ti is strictly decreasing in Ti, it follows that Ts
i > Tn

i . By
Lj(Ti, c) strictly increasing in Ti, it follows that
Lj Ts

i ; c
� �

> Lj Tn
i ; c

� �
. We have shown that teaching and

learning efforts are greater in the sequential equilibrium
at any given c. Whence, ps(c) � pn(c) > 0 and the sequential
mode dominates.

In the case of substitutes, again write the teaching
agent’s (IC) at the sequential move equilibrium evaluated
at the simultaneous move effort levels

@xT
i Tn

i ; c
� �

=@Ti ¼ 1þ @Lj Tn
i ; c

� �
=@Ti

� ��
ð1Þ � 1

¼ @Lj Tn
i ; c

� �
=@Ti < 0:

Thus, @xT
i Tn

i ; c
� �

=@Ti < 0, while @xT
i Ts

i ; c
� �

=@Ti ¼ 0, with

@2xT
i ðTi; cÞ=@T2

i ¼ c @2pðTi ;LjðTi ;cÞÞ
@T2

i
< 0. It follows that Ts

i < Tn
i .

By Lj(Ti,c) strictly decreasing in Ti, it follows that
Lj Ts

i ; c
� �

> Lj Tn
i ; c

� �
. We then have that Ts

i < Tn
i , while

Ls
j > Ln

j . Note that the assumption j pii
pi
j > j pij

pj
j; i – j, implies

that p(Ti, Lj(Ti, c)) is strictly increasing in Ti. That is, sign

(@p(Ti,Lj(Ti,c))/ oTi) = sign
�@2pðTi ;LjÞ=@L2

j

@pðTi ;LjÞ=@Lj
þ @2pðTi ;LjÞ=@Lj@Ti

@pðTi ;LjÞ=@Ti

� �
> 0. It

follows that psðcÞ ¼ p Ts
i ; Lj Ts

i ; c
� �� �

< p Tn
i ; L

n
j Tn

i ; c
� �� �

¼ pnðcÞ and the simultaneous mode dominates. h

Proof of Lemma 3
Let J denote the Jacobian of the system (16) and (17). We
have

jJj ¼ c2a2pTT Tn
ik; L

n
jk

� �
pLL Tn

ik; L
n
jk

� �
� c2a2 pTL Tn

ik; L
n
jk

� �h i2

¼ c2a2 H Tn
ik; L

n
jk

� ���� ��� > 0;

where H is the Hessian of p. Consider a, so that

@Tn
ik=@a ¼ ½1=jJj� �capLL Tn

ik; L
n
jk

� �
cpT Tn

ik; L
n
jk

� �h
þcapTL Tn

ik; L
n
jk

� �
cpL Tn

ik; L
n
jk

� �i
> 0:

The proof of @Ln
jk=@a > 0 is analogous, and

@p Tn
ik; L

n
jk

� �
=@a > 0 directly follows from these results and

pi > 0.
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We have @Tn
i2=@b2 ¼ ½1=jJj� �capTL Tn

i2; L
n
j2

� �h i
< 0 if com-

plements and > if substitutes. Further, @Ln
j2=@b2 ¼

½1=jJj�½capTT Tn
i2; L

n
j2

� �
� < 0. The derivative @p Tn

i2; L
n
j2

� �
=

@b2 ¼ pT Tn
i2; L

n
j2

� �
@Tn

i2=@b2 þpL Tn
i2; L

n
j2

� �
@Ln

j2=@b2 so that its

sign is that of

½1=jJj�½ca� pT Tn
i2;L

n
j2

� �
�pTL Tn

i2;L
n
j2

� �h i
þpL Tn

i2;L
n
j2

� �
pTT Tn

i2;L
n
j2

� �h in o
which is negative. h

The principal’s problem for the simultaneous move case of
Section 4

The principal’s problem is (Lagrangian multipliers are
(lik,ki,ci))

max
fS;c;Tik ;Ljkg

L¼2ð1�pÞpyþ2p2ðy�cÞþð1�pÞp bap Tn
11;L

n
21

� �	
þð1�bÞap Tn

12;L
n
22

� �

ðy�2cÞ

þð1�pÞp bap Tn
21;L

n
11

� �
þð1�bÞap Tn

22;L
n
12

� �	 

�ðy�2cÞ�2Sþ

X2

k¼1

l1k ca@p Tn
1k;L

n
2k

� �
=@T1k�1

	 


þ
X2

k¼1

l2k ca@p Tn
2k;L

n
1k

� �
=@L1k�bk

	 


þ
X2

k¼1

l3k ca@p Tn
2k;L

n
1k

� �
=@T2k�1

	 


þ
X2

k¼1

l4k ca@p Tn
1k;L

n
2k

� �
=@L2k�bk

	 

þk1 Sþc½p2þpð1�pÞ bap Tn

11;L
n
21

� �	
þð1�bÞap Tn

12;L
n
22

� �
þbap Tn

21;L
n
11

� �
þð1�bÞap Tn

22;L
n
12

� �

�bTn

11�ð1�bÞTn
12

þbLn
11þð1�bÞLn

12

�
þk2 Sþc½p2


þpð1�pÞ bap Tn

21;L
n
11

� �
þð1�bÞap Tn

22;L
n
12

� �	
þbap Tn

11;L
n
21

� �
þð1�bÞap Tn

12;L
n
22

� �

�bTn

21�ð1�bÞTn
22þbLn

21þð1�bÞLn
22

�
þcccþcSS:

The solution to this problem is analogous to the case where
there is a single effort cost, if we assume that the participa-
tion constraints are nonbinding and that the incentive
compatibility constraints are binding. The first order con-
dition for S is again given by

�2þ k1 þ k2 þ cS ¼ 0:

If the participation constraints are nonbinding, it then fol-
lows that ki = 0, i = 1, 2, and cS > 0. The optimal S is again
zero, as the limited liability constraint for S is binding.

Proof of Lemma 4. For existence of a c 2 (0,y/2) such that
Xn0 (c) = 0, it suffices to show that Xn0(0)js2{�1,1} > 0 and
Xn0(y/2)js 2 {�1,1} < 0. For s = 1,

Xn0ð0Þjs¼1 ¼ lim
c!0

�4
3

p
c3

y
a2 ðp� 1Þ 2bþ b2ð1� bÞð

�

þb2
2ð1� bÞ þ 1

��
¼ 1:

For s = 1,

Xn0ðy=2Þjs¼1 ¼
16
3

p
y3a2 y� 3

4
y3a2 þ yb2 þ yb2

2 � pyþ 2by
�

þ 3
8
py3a2 � pyb2 � byb2 � pyb2

2 � byb2
2

�2pbyþ pbyb2 þ pbyb2
2

�
;

so that Xn0(y/2)js=1 < 0 iff y > 8
3a2

1�p
2�p 2bþ b2 � bb2þð

�
b2

2 � bb2
2 þ 1ÞÞ1=2. For s = �1,

Xn0ð0Þjs¼�1¼ lim
c!0

�4
3

p
c3

y
a2 ðp�1Þðb2ðð1�bÞðb2�1ÞÞþ1Þ

� �
¼1:

For s = �1,

Xn0ðy=2Þjs¼�1 ¼ �
16
3

p
y3a2

1
4

y3a2 � yþ yb2 � yb2
2 þ py

�

þ1
8
py3a2 � pyb2 � byb2 þ pyb2

2 þ byb2
2

þpbyb2 � pbyb2
2

�
;

so that Xn0 (y/2)js=�1 < 0 iff y > 8
a2ð2þpÞ ðð1� pÞð1þ
�

b2ðb2 � 1Þð1þ bÞÞÞ1=2
: Thus, there exists a c 2 (0,y/2) such

that Xn0 (c) = 0. To complete the proof, we need only show
that Xn00 (c) < 0. The sign of the latter is determined by the
expression

2pð1� pÞEpnðc;a;b2Þðy� 2cÞ;

where Epn(c,a,b2) is a convex combination of

ap Tn
i1ðc;a;1Þ;L

n
j1ðc;a;1Þ

� �
and ap Tn

i2ðc;a;b2Þ;Ln
j2ðc;a;b2Þ

� �
:

Our previous analysis shows that

@2

@c2 ðb2pð1� pÞap Tn
i1ðc;a;1Þ; L

n
j1ðc;a;1Þ

� �
ðy� 2cÞ < 0:

We need only show that

@2

@c2 ðb2pð1� pÞap Tn
i2ðc;a;b2Þ; Ln

j2ðc;a;b2Þ
� �

ðy� 2cÞ < 0:

ð�Þ

For s = 1, condition (⁄) can be expressed as

�4
3

p
c4a2 ð2c � 3yÞðp� 1Þ 2bþ b2 þ b2

2 � bb2
2 � bb2 þ 1

� �
< 0

which holds if 2bþ b2ð1� bÞ þ b2
2ð1� bÞ þ 1

� �
> 0: The

last condition is true. For s = �1, (⁄) is expressed as

�4
3

p
c4a2 ð2c � 3yÞðp� 1Þ bb2 � b2 þ b2

2 � bb2
2 þ 1

� �
< 0

which is holds if 1 + b2((b2 � 1)(1 � b) > 0. This condition is
true under our assumptions. Finally to show that positive
expected profit obtains, it suffices to show that Xn(y/
2)js2{�1,1} = py(2 � p) > 0. h
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Proof of Proposition 5. The first order condition for c is

given by Xn0ðcÞ ¼ �2p2 � 4ð1� pÞpEpn þ 2ð1� pÞp @Epn

@c

ðy� 2cÞ ¼ 0: Consider p first. The proof follows that of
Proposition 1 with Epn replacing pn. We have that @c/@p=

sign �2pþ ð1� 2pÞ @EpnðcÞ
@c ðy� 2cÞ � 2ð1� 2pÞEpnðcÞ

h i
.

Substituting from the first order condition, the latter
expression can be written as

sign½�2pþ ð1� 2pÞðp=ð1� pÞ þ 2EpnðcÞÞ

� 2ð1� 2pÞEpnðcÞ� ¼ sign �2þ 1� 2p
1� p

� �
< 0:

Thus, @c/@p < 0. Next, consider oX n(c)/@p = 2(1 � 2p)y +
4p(y � c) + 2(1 � 2p )Epn(c)(y � 2c). Clearly if p 6 5, then
@Xn(c)/@p > 0. If p > .5, then @XnðcÞ=@p >

<
0 as 0 >

<
�

ðy� 2cpÞ þ EpnðcÞðy� 2cÞð2p� 1Þ. The

lim
p!1
�ðy� 2cpÞ þ EpnðcÞðy� 2cÞð2p� 1Þ

¼ �ðy� 2cÞ þ EpnðcÞðy� 2cÞ < 0; and

lim
p!:5
�ðy� 2cpÞ þ EpnðcÞðy� 2cÞð2p� 1Þ ¼ �ðy� cÞ < 0:

Further,

@

@p
½�ðy� 2cpÞ þ EpnðcÞðy� 2cÞð2p� 1Þ�

¼ 2c þ 2EpnðcÞðy� 2cÞ > 0:

It follows that oXn(c)/@p > 0. Next consider a and note that

@EpnðcÞ
@a

¼� 2
c2a3ðs2�4Þðbð1þ sÞþb2ð1�bÞðsþb2Þþ1Þ>0 and

@2EpnðcÞ
@c@a

¼ 4
c3a3ðs2�4Þðbð1þ sÞþb2ð1�bÞðsþb2Þþ1Þ<0:

Whence,
@Xn0 ðcÞ
@a ¼ �4ð1� pÞp @Epn

@a þ 2ð1� pÞp @2Epn

@c@a ðy� 2cÞ < 0.
Further,

signf@XnðcÞ=@ag ¼ sign 2ð1� pÞp @EpnðcÞ
@a

� �
ðy� 2cÞ

� �

¼ sign
@EpnðcÞ
@a

� �
> 0:

For b2, we have @EpnðcÞ
@b2
¼ � 1

c2a2ðs2�4Þ ðsþ 2b2Þðb� 1Þ < 0 and
@2EpnðcÞ
@c@b2

¼ 2
c3a2ðs2�4Þ ðsþ 2b2Þðb� 1Þ > 0; so that @Xn0 ðcÞ

@b2
¼

�4ð1� pÞp @Epn

@b2
þ 2ð1� pÞp @2Epn

@c@b2
ðy� 2cÞ > 0: Moreover,

sign {oXn(c)/@ b2}= sign 2ð1� pÞp @EpnðcÞ
@b2

� �
ðy� 2cÞ

n o
¼ sign

@EpnðcÞ
@b2

n o
< 0: Finally, for b, we have @EpnðcÞ

@b ¼ � 1
c2a2

b2�1
s2�4

ðsþ b2 þ 1Þ > 0 and @2EpnðcÞ
@c@b ¼ 2

c3a2
b2�1
s2�4 ðsþ b2 þ 1Þ < 0, so

that @Xn0 ðcÞ
@b ¼ �4ð1� pÞp @Epn

@b þ 2ð1� pÞp @2Epn

@c@b ðy� 2cÞ < 0:

The sign {oXn(c)/@ b}= sign 2ð1� pÞp @EpnðcÞ
@b

� �
ðy� 2cÞ

n o
¼

sign @EpnðcÞ
@b

n o
> 0. h

Derivation of the comparative statics of Section 5.2
Given that Xi(c) = 2(1 � p)py + 2p2(y � c) + 2(1 � p)p

(Epi)(y � 2c),i = s,n, and the fact that c is chosen optimally,
the envelope theorem implies that oXi(c)/@

k = 2(1 � p)p(y � 2c)@Epi/@k,i = s,n,k = D,‘. By 2(1 � p)
p(y � 2c) > 0, sign oXi(c)/@ k= sign @Epi/@k.

The simultaneous solution yields (s2 = 1)

Tn
11 ¼

1
3c
ð2c � sþ csDþ cs‘� 2Þ;

Ln
11 ¼

1
3c
ð2cD� sþ 2c‘þ cs� 2Þ;

Tn
12 ¼

1
3c
ð2c � sb2 þ csDþ cs‘� 2Þ;

Ln
12 ¼

1
3c

2cD� 2b2 � sþ 2c‘þ csð Þ;

Tn
21 ¼

�1
3c
ð�2c þ sþ csD� cs‘þ 2Þ;

Ln
21 ¼

�1
3c
ðsþ 2cD� 2c‘� csþ 2Þ;

Tn
22 ¼

�1
3c
ð�2c þ sb2 þ csD� cs‘þ 2Þ;

Ln
22 ¼

�1
3c
ðsþ 2b2 þ 2cD� 2c‘� csÞ;

@

@D
Tn

11

� �
¼ s

3
;

@

@D
Ln

11

� �
¼ 2

3
;

@

@D
Tn

12

� �
¼ s

3
;

@

@D
Ln

12

� �
¼ 2

3
;

@

@D
Tn

21

� �
¼ �s

3
;

@

@D
Ln

21

� �
¼ �2

3
;

@

@D
Tn

22

� �
¼ �s

3
;

@

@D
Ln

22

� �
¼ �2

3
;

@

@‘
Tn

11

� �
¼ s

3
;

@

@‘
Ln

11

� �
¼ 2

3
;

@

@‘
Tn

12

� �
¼ s

3
;

@

@‘
Ln

12

� �
¼ 2

3

@

@‘
Tn

21

� �
¼ s

3
;

@

@D
Ln

21

� �
¼ 2

3
;

@

@D
Tn

22

� �
¼ s

3
;

@

@D
Ln

22

� �
¼ 2

3
;

Using these definitions and the incentive compatibility
conditions,

@Epn

@D
¼ :5 b

cn

s
3
þ 2

3

� �
þ ð1� bÞb2

cn

s
3
þ 2

3

� �� �

þ :5 b
cn

�s
3
þ�2

3

� �
þ ð1� bÞb2

cn

�s
3
þ�2

3

� ��

þ:5 b
4D
3

� �
þ ð1� bÞ 4D

3

� �� �
¼ 2D

3
:

Next consider
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@Epn

@‘
¼ :5 b

cn

s
3
þ 2

3

� �
þ ð1� bÞb2

cn

s
3
þ 2

3

� �� �

þ :5 b
cn

s
3
þ 2

3

� �
þ ð1� bÞb2

cn

s
3
þ 2

3

� ��
þ 0:5 b Ln

11 þ Ln
21

� �
þ ð1� bÞ Ln

12 þ Ln
22

� ��	 

¼
�

bþ ð1� bÞb� sþ 2
3cn

� �
þ 0:5 b Ln

11 þ Ln
21

� ��	
þð1� bÞ Ln

12 þ Ln
22

� ��
:

In the sequential mode we have

Ts ¼ 1
3cðc þ 1Þ ð2:0c þ 2:0c2 þ csDþ cs‘� 1:0c2sDþ c2s‘� 4:0Þ;

Ls
11 ¼

1
6cðc þ 1Þ ð4:0cD� 4:0s� 4:0c þ 4:0c‘þ cs2 þ 2:0c2s

þ 4:0c2Dþ 4:0c2‘þ 2:0csþ s2 � 2:0c2s2D� 4:0Þ;

Ls
21 ¼

1
6cðc þ 1Þ ð4:0c‘� 4:0s� 4:0cD� 4:0c þ c þ 2:0c2s

� 4:0c2Dþ 4:0c2‘þ 2:0csþ 1þ 2cD� 4:0Þ:

Note that for Ls
21 > 0, we require at ‘ = 1

ð4:0c � 4:0s� 4:0cD� 4:0c þ c þ 2:0c2s� 4:0c2D

þ 4:0c2 þ 2:0csþ 1þ 2cD� 4:0Þ > 0:

If s = �1, this implies

c2ð2� 4DÞ � cð1þ 2DÞ þ 1 > 0:

For this to be positive for c > 1, we need to keep D 2 (0,1)
small. If c > 1, then D > 0.5 implies that c2(2 � 4D) < 0,
� c(1 + 2D) < 0 with jc(1 + 2D)j > 1. Thus Ls

21 < 0 and a con-
tradiction. When c > 1, it must be that D < 0.5 for Ls

21 > 0.
We have that

@Ts

@D
¼ sðc � 1Þ
�3ðc þ 1Þ ;

@Ts

@‘
¼ s

3
;

@

@D
Ls

11

� �
¼ c þ 2

3ðc þ 1Þ ;
@

@‘
Ls

11

� �
¼ 2=3;

@

@D
Ls

21

� �
¼ �ð2c þ 1Þ

3ðc þ 1Þ ;
@

@‘
Ls

21

� �
¼ 2=3:

Computing

@Eps

@D
¼ �sðcs � 1Þ

3csðcs þ 1Þ þ 0:5ðDÞ:

Next,

@Eps

@‘
¼ s

3cs
þ 0:5 Ls

11 þ Ls
21

� �
; where L11 þ L21

¼ 1
3csðcs þ 1Þ4:0cs‘� 4:0s� 4:0cs þ css2 þ 2:0cs2s

þ 4:0cs2‘þ 2:0cssþ s2 � 1:0cs2s2Dþ css2D� 4:0:

Evaluating at ‘ = 1 and simplifying we obtain

@Eps

@‘
¼ 1

6csðcs þ 1Þ ðc
sD� 2:0s� 3:0cs þ 4:0cs þ 2:0cs2s

� 1:0cs2Dþ 4:0cs2 þ 4:0css� 3:0Þ

and if s = �1, we have

@Eps

@‘
¼ � 1

6csðcs þ 1Þ ð3:0cs � 1:0csDþ cs2D� 2:0cs2 þ 1:0Þ:
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